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A Note on Some Graphs Related to Knots 
Communicated b) F. Harary 
INTRODUCTION 
Let K be a polygonal knot and let ~ be a projection of K into the plane 
such that (i) the only multiple points of ~K are double points, and the 
number of them is finite, (ii) no double point of ~K is the image of a ver- 
tex of K, and (iii) no projection [meeting conditions (i) and (ii)] of a 
knot equivalent to K has fewer double points than ~K. Conditions (i) 
and (ii) mean that K is in "regular position" (see [2] for terminology), 
while condition (iii) implies xK is "minimal". If each double point of 
~K is marked in some way to indicate which arc crosses over and which 
crosses under, then the resulting presentation clearly determines the 
knot type. In the absence of such marks, the projection .,rK is a regular 
graph of order four (unless K is simply a loop) which we shall call a 
graph of the knot (warning: these graphs must not be confused with the 
"knot-graphs" used in [5] and elsewhere, which are quite different). 
Recently it was asked ~ if a graph of a knot is a knot invariant, and if it 
is possible to determine asily whether or not a given planar graph is 
a graph of a knot. The purpose of this note is to answer these questions. 
The Graph of  a Knot Is Not a Knot hu,ariant 
Figure 1 shows two minimal projections of the same knot, but the 
corresponding graphs are quite different, as one has four double edges 
1 Private communication from Frank Harary and W. T. Tutte. 
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FIGURE I. Two presentations of the same knot. 
and the other has only three. Thus we must speak of  a graph of  a knot 
arther than the graph of  a knot. 
Conversely, Figure 2 shows four distinct knots (817~, 819,, 820,,, 
and 821, of  [1]) which all have the same graph. 
FIGURE 2. Four distinct knots with a common graph. 
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Which Graphs Are Knot Graphs? 
The following conditions are necessary conditions for a given graph, 
embedded in a plane, to be a graph of a knot: 
(i) The graph is regular of order four. 
(ii) The graph consists of a single block. 
(iii) The path created by joining the ends of opposite arcs at each 
vertex is a single closed curve. 
Condition (ii) is necessary because any vertex whose removal would 
disconnect the graph could obviously be removed from the projection 
by a half-twist of the knot, and thus the projection must not be minimal. 
Condition (iii) is necessary because, if it: is not met, then the graph must 
be the projection of two or more links rather than of a single closed 
curve. 
Any graph G embedded in a plane which meets conditions (i) and (iii) 
above can be converted into a presentation of an alternating knot by 
appropriately marking the vertices. For suppose it were not possible 
to do this: then there would be some vertex u such that the path of condi- 
tion (iii) returns to v after visiting an odd number of vertices (vertices 
where the path P from v back to v crosses itself being counted as two 
vertices). Let H be the subgraph of G which consists of all arcs whose 
winding number with respect o P is even, together with the vertices 
which are end-points of these arcs. The vertices of order 1 in H are pre- 
cisely those vertices on P which are not double points of P; all other 
vertices of H are of even order. Thus H has an odd number of vertices 
of odd order, which is absurd (see Konig [3, p. 21]). 
Long ago, Tait [4] asserted that any presentation of a knot which is 
alternating and free of nugatory vertices (i.e., is such that the correspond- 
ing graph consists of a single block) must be minimal. This, combined 
with the argument of the preceding paragraph, implies that conditions 
(i), (ii), and (iii) of this section are sufficient as well as necessary for 
a graph embedded in a plane to be a graph of a knot, and also that any 
graph of a knot is also a graph of an alternating knot. 
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On the Construction of Block Designs 
Communicated by Marshall Hall, Jr. 
The purpose of this note is to present a method for obtaining balanced 
incomplete block designs of the form (E, 23), where the set E of varieties 
is the set of edges of a complete graph, and the set 23 of blocks is a set 
of subgraphs. In particular, 23 is an isomorphism class of subgraphs. 
Let V be an n-set of vertices and let E denote the set of edges of the 
simple, undirected, complete graph on V. E is simply the set of all 2-sub- 
sets of V. Let P(V) denote the set of all subsets of V, and let S,~ denote 
the symmetric group of permutations of V. Then Sn acts in a natural 
way on the sets P(V), P(P(V)), P(P(P(V))), etc. Let Bbe a subset of E. 
Then (V, B) is agraph. Let 23-- {B a: ~ ~ S,,}. 23 i sa  set of blocks 
with E as the set of varieties. We shall see that (E, 23) is a partially ba- 
lanced incomplete block design with two associated classes. Choosing 
the graph (V, B) to depend upon a parameter Kin addition to n, we shall 
merge the two associated classes by solving an equation in n and K, 
thus producing a balanced incomplete block design. 
Clearly (E, 23) admits Sn as a group of automorphisms since E and 23 
are orbits under the action of Sn 9 Let T denote the set of 2-subsets of 
E, i.e., an element of T consists of two distinct members of E. The action 
of Sn on T decomposes T into two orbits T1 and Tz. The members of T1 
are isomorphic to {{a, b), {a, c)) and those of T2 are isomorphic to 
{{a, b), (c, d}) where a, b, c, dare distinct vertices. Let ti be a member of 
Ti, and let 2i denote the number of blocks in 23 containing ti 9 If t is 
any other member of T~, t is also contained in exactly 2~ members of 23 
since Sn acts as an automorphism group of (E, 23), and S n is transitive 
